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Problema 2
Etapa 7
Clasa a IX-a

Problema 2. Determinati functiile f : (0,00) — (0,00) stiind ca

verifica egalitatea
oy + ) =

pentru orice z,y € (0, 00).

Solutie. Fie P(x,y) : f(zy+/*(y)) = f(x)f(y)+yf(y

f@)fy) +yfy),

P(z,1): £(x+c2) =cf(z) + ¢, unde ¢ = f(1). ,
P <x+ ny> Hf(wy+ Py +) = <w+ Z) fw) +yfy)

P(zy+ f().1) : flay + f2(y) + ¢

2
Q(az—i—cz,y):f(a:—i-cy—i-cQ)

KoKk

), 2,y € (0,00).

) = cf(ay + f2(y) +c

=cf(x)f(y) +cyf(y) +c

Scazadnd ultimele doua relatii, deducem ca pentru orice z,y € (0, 00)

c? c
are loc Q(z,y): f (a:—i— y) =cf(z)+ (c—1)y+ )

cf(z+cA)+(c—1y+

Aflx)+c+(c—1)

Folosind P(z,1) si Q(x,y), obtinem

2

fa+ S+ ) =cfa+

Y

Rezultd ¢ f(z) +c® + (c— 1)y + L

c“—c
de unde (¢ — 2c+ 1)y + —— = ¢?
( ) f()

Daca ¢ # 1, obtinem (¢ — 1)y +

care nu convine, deci ¢ = 1.

In acest moment P(x,1) devine: f(x 4+ 1) = f(z) + 1,

2
g)"ﬁ‘c
2
=2f(x 3 —c S
=" f(z) +( )y+f(y)+
f()
ﬁ = ¢, adica f(y) =
:f(m)—l—f(ly),x,ye(o,

Q(x,y) devine R(z,y): f <:L' + ;)
1
f)

Avem R(1,y) : f( )

pentru orice z,y € (0,00). Rezulta f(z) =

C

fw)

C.

2

2f(2) 4+ (= )y + — +¢,

f(y)

z € (0,00), iar

00).

i R (o, ;) fa+y) = @) + FW),

f(1) - z, pentru orice z > 0.

In concluzie, f (x) = x, pentru orice x > 0, functie care convine.
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